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A logical analysis of word problems pro'^^des an 
hypothesis about the kinds of knowledge that may be necessary for 
solving multi-step word problems. This hypothesis is that knowledge 
of the overall psittern of relations in a problem may function- in 
problem-solving. a|>art from. knowledge of the particular entities and 
the local relations in which they participate. This overall pattern 
or Structure determines equivalence classes of problems » problems 
whose solutions differ in the specific mathematical operations 
utilized but which are of similar difficulty. To iUustrate this 
analysis, a notation system for one-step word problems is i:[itroduced 
and a description- of two-step word problems according to this 
notation is provided. Experimental results (using third-, fourth-, 
and fifth-grade students as subjects) are then presented that verify 
the psychological validity of the analysis, namely, that for all 
grade levels the problem structure (the overall pattern of relations 
between the quantities in the problem) has an effect on 
problem-solving succe;5s. Speculation on the representation 
problem- solving knowledge thtft could account 
included. (Author/JN) 
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A logical analysts of word problems provides an hypothesis about the kinds of knowledge that 
may be necessnry for solving multi-sttep word problems: Knowledge of the overall pattern of 
relations in a problem may function 4n problem solving apart from knowledge of the particular 
entiUcs and the local relations In which they participate. Thb overall pattern or structure 
determines equivalence classes of problems^problems whose solutions differ In the specific 
macbematical operations utilised but are of similar difflculty. 

To illustrate this analysis we Introduce a notation system for one-step word problems and 
then describe two-step word prol^lems accordingly. Ebcperlmental results are then presented that 
verify the psychological validity of the analysis. 



•PERMISSION TO REPRODUCE THIS 
MATERIAL HAS BEEN GRANTED BY 



TO THE EDUCATIONAL RESOURCES 
INFORMATION CENTER (ERSC)/' 



Structural Dlff«r«iic«8 Between TvoStep Word Problems* 
Varerle L. ShMIn tod Nancy V. Bee 
Learning Research and Development Ceaier 
University of Pittsburgh 
loss Meeting ot the American Educational Research Association 
Existing analyses of problem solving knowledge Involve either the rational decomposition of a 
task Id terms of the procedures required (Qagne, 10S3) or the Identification of components of a 
problem solving model that are sufficient for solving the task (Oreeno, 1976). We present a 
logical anaiy^ of word problems that provides additional hsrpotheses about the kinds of 
knowledge that may be necessary for solving multi-step word problems: Knowledge about global 
problem structure may affect problem solving success. Our analysis of two-step arithmetic word 
problems Is based oo possible logical combinations of one-step word problems. We build on 
previous analyses of one-step word problems, but emphasize the Importance of the overall pattern 
of relations between quantities in multi-step word problems. The general importance of 
knowledge about patterns of relations between quantities has been Identified previously in the 
context of the geometry problems first studied by Werthelmer (104S/1050) and later by Greeno 
and Anderson (Oreeno, 1082). We suggest that knowledge of global relations In a problem may 
function In problems that are not particularly spatial la nature, and that these global patterns of 
relations constitute knowledge apart from knowledge of the particular entitles Involved and the 
local relations in which they participate. This oVertJI pattern or •trueturi deUmlnes equivalence 
classes of problems-problems whose solutions differ^ In the specific mathematical derations 
utilized but are of similar difficulty. 

In the following sections we first introduce a notation system for one-step word problems. 
Then we describe two-step word problems according to this notation. Next we present 
experimental results that verify the psyc logical validity of the analysis. In the final section we 
speculate on the representation of problem solving knowledge that could account for these results. 

One-step word probtemt 

The analysis begins with the identification of some basic types of quantities and relationships 
used in one-step word problexxu. many of which liave been extensively analysed In the cognitive 
literature (Riley. Greeno 8s Heller, 1083; Sehwaris, 1076). These particular relationships sly 
meant to be Illustrative, rather than exhaustive, and many more could tie Identified. We selected 
four different relationships for description here and defined corresponding notation for them: 
simple additive combination, a simple multiplicative relation involving a single intensive quantity, 
multiplication involving three intensives, and multiplicative comparison. 

We propose the following notation for part-whole set relations In additive combination 
problems. Illustrated In Figure 1. Each quantity Is represented In a box with a rectangular top. 
Each quantity box has a name (in the upper portion of the box) and a value (In the lower portion 
of the box). The three quantities in one-step additive combination word problems are represented 
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In » triftd; Ui« quMitiy Is At the top »ad the two part« tra »t the bottom. 

Figure I shows two different word pa^blems Md their notattonsi according lo the 5«jnp 
whole stnicttire. The proble'iw differ In t«nm of the nMe In the structure of the quRUtlty with 
the unknown VAlue. A problem whose solution Is obtained by adding J» represented by a triad In 
which the values of the two parts are known and the value of the whole is determined by moving 
up the triad and adding the known values. A subtraction problem Is represented as one In which 
the values Of a whole and one of the parta are known and the answer Is obtained by moVIng do'im 
the triad, subtracting the known part value from the known whole value. 

One relationship Involving multiplication uses Intensive, non-addltlve quantities that relate 
two extensive quantities (see Figure 2). The multiplicative triad Illustrated here Involves 
cxtenslves associated by groups or collecMons (e.g., wagons and trains) an0 an Intensive "mapping 
function" quantitatively relating the two (e.g., wagons In each tralnj. As aNove, extensive 
quantities are written In boxes with rectangular tops. Intensive quantities are written In boxes 
with semicircular tops. Triads for three different word problems, according u> the selection of 
known and unknown quantltles.*are shown In Figure 2. Note that there are two types of division 
problems, one for determining the value of "wagons per train" given the values of "wagons" and 
"trains", and another for determining the value of "trains" given the values of "wagons" and 
"wagons per train". 

A second multiplicative relation refers to two grouping relations, Involving, for example, 
horses and wagons (grouped as horses per wagon), uid trains (which group the wagons, as In 
wagons per train). This Introduces a ns>w quantity, horses per train. The relation shown In 
Figure 3 Involves three such intensivte grouping quantities. As with the multiplicative relation 
Just described, this structure generates one muitipileation problem and different division 
problems, depending upon the role of qui^titlea with known and unknown values. 

A third multiplicative relation involves a complarlson between extensives. In this triad a box 
with a hexagonal top Is used for the comparison factor "times more white eggs than brown eggs", 
as shown In Figure 4. One of the extensive quuitltles, "white eggs". Is at the top, and the other 
extensive quantity, "brown eggs", Is at the bottom. As with the other multiplicative relations 
described above> there are two types of division problems, depending upon the role of the 
unknown. 

TwO'9Up pord prohUmt 

Two-Step word problems can be modeled by combining two of these triads based on local 
relations. Each of the different ways of combining these triads constitutes a different global 
problem structure. For example, the Yoilowing problem Is derived from a hierarchical 
arrangement of triads (shown In Figure 5) which we call a hierarchical structure: 

ji neighborhood is planning Its annual cat show. There are 72 

Siamese, angora and Persian cats altogether, and SO ht these 

are perstan <!4ts. If 34 of the eats are angora cats, how many 

slamt^ cats are there? 

There are two other ways to combine binary triads (shared'Whoie in Figure 6 and shared-part In 
Figure 7) and these are exemplified by the following problems: 

A sporting goods shopkeeper is checking her inventory list. She 

has 13 soccer and tennis balls altogether, and 9 golf balls. If 

14 of the balte are soccer apd golf balls, how many tennis balb 



rr<^(>Ker!i if Kob«ri hid Hi onum, ry« muI wtte»i (frAck«t« 
. -ther, how iiitny rye euid wlwat criic!k«r» thrref 

Theiw difforcnl s'rueturM jtMtern.«» tk\m pfrtAiit U) t.iUd?i \sMtt%\ i)\\M\m \wti\ r«\M\mB' nwn^h aa 
the 8baret!»piirt simrture U^aftl on oiif imUtlplkatlvf lyid onf aUdUlve rflMh»ii, shown In Figure 
Thf s^vpml probknw i»hown In th;* fignre UUi«triiti» ihr hkn of <v«iit>it/<^Mf£ tttntnta ttf 
pfithhm* dfrlved rrom * (^omnnm nrt»blfni siruc*tiir«, All t>f ilmt imiWrnw illffer l« ifrnw t»r ih« 
rol<> plAyrd by tho qnAniltlen with known and unknown v»lu«!i, and thf dpoclflc ntAih«mAilcAl 
opemtlon!! ntt ua«d to «olv« them, but they are nil derived from the sAuie Mruciure. 

The experiment rep^^riecl below tents the hy^olhe^h that lirobleni .structure or the overall 
liattern In which quantities »re orgAnlEed-'ls » slftnlfiej^nt fnetor In problem solvhift tmrceKn »nd 
henee the problem m>tvlng pnwesii, It e)(plleUly t'esta the hypothecs that equlvMenee ela»se« of 
pwbiems may be defined on the biwlji of prtjblein utrueture. nithonih different oper<it«rf» mhI even 
quantity types may be Involved. Klementary MhiH>l aubject* attempted >w)lve the .14 phiblemi 
lnv\ilvlnR additive and muitlplleatlve relations In Table 1 within a limited period of time, wlih< 
percent correct and written pntblem solution a» the dependent mesAures. 

Method 

Suhjecl*. 82 Falk Elementary School third, fourth and fifth grade ntudenti participated in the 
study. Hecause Falk peVmits students to study advanced math if they are able, the ultimate 
grade asatunment was based on the textbook that a subject was usi&s (^t the time of testing. 
Textbook levels ranged from grades three to seven. 

Detign. Word problems were generated from 11 problem structures, summarleed i» Table 9. 
These structures were obtained by crossing triads of operator type (two additive, one additive 
and one multiplicative, or two muHlpUcatlve) with prctbletn structure (hlertrchicM. sh^red-whoie 
quantity or shared-part). In all cases the additive triad concerned simple combination. In most * 
raaes the multiplicative triad concerned simple multiplication. The exception was the use of a 
multiplicative comparison In the ^shared^part" mutliplleatlve problems. To ensure that this cell 
did not differ simply because of the use of this relation, other problems ytne designed In which 
the shared-part was an Intensive quantity. However, these problems were also exceptional 
because they contained an assumption that the Intensive was appropriate for both types of 
quantities, e.g.. that there are the same number of roses In red bunches of ropes as In white 
bunches of roses. 

MateriaU. The thirty-four word problems that represent eleven problem structures with their 
variations are presented In Table 1. Bach, cover story consisted of ft stttlng line that had no 
quantitative Information In It. For example: "A sporting goods shopkeeper Is checklngiher 
inventory list* or "A neighborhood Is planning Its annual eatahow". Th«* next line of uxt gftve 
the two quantities that enter Into an appropriate first step, (n language that was «a terse as 
possible to control for biases within problems due to text wording. The final line v ' text 
Introduced the third quantity and the question. Because of the terse language and great difficulty 
(0 selecting and ensuring that adjectives*^ were ^unambiguously non^overlapping. the word 
"altogether" was used systematically to clarity the situation as much ss possible. 
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Mmi of the word pw>bl«ma nuirtfed here cm be 9<)ly<»rl unfiiR one of two e()mpi»t)t)( 
ciMKftt>t(>ii»llt»(.lttiifi. lu generAi, aikS IH!t&lriii:«)(i in Figure W. hlnmr^hleft) probi«m(i ««» b(» futlved by 
ultfrnMlvff bifffkrcbkii. fib^red^wbok qiimntity prnbleiiia <riin hti solvfid by forreniMrndbig flhur^d 
pairi ntrufturfA. .Siierlftt Jiliftr«d-ptirt iiroblefivi can only b« reprfaented by titiier Aburod part 
KirtiMiir«i* ihmt to wbleb th« two outer pArts ovoriRp conecptualty, Although they Are ndt 
liluflir*led M BUth >u the network To ensure ttiAt aubleet umt tttertiipit an tublltive shared- 
p»rt pridiletit. nim\%\ th»red-pAri probleiiis inujii be uiilUed. Word order uned to blaa a 
iiliupler tit preferred «itru€ture. P'or exumple, word order on Hie fonvertlbie ithared whole tirobleins 
WM htiiAed t^iwiird a »bared<whule coneepiUAllmlon by Arr*nglug the first two (|iiftniittes fdr ihli 
iitruc'ture In the flrai (pi»ntttfttlv« sentence. 

To nnamfound itruetural pattern with number faetfi, number net was ct<mfni with problem 
airiirture, intiAtnurb n» fumiMt! Three number aeU were ftviill»ble tot Additive and multlpllefttlve 
word problems and four were availabfb for mixed problems to be eroetsed with hierarchical, 
Ahared whole (quantity and nhared-part atruetures, Hecauae the different paiternA required 
different relation»hlp» to be ealeulatud* each ittrueture could not a|!:€omodate exactly the aaine 
numbers aa another fltrueture. Rather a raimb;*r set Is beat regarded aa a number family, which 
WKA applied aa appropriate to atrueturea/Vequtring scmie adjustments U» fit a structure. In eases 
where the use of a number set was bieompatlble, aultabiie numbers were uiltleed at random. 
There were therefore three different versions of the problem set, each utliliipg a different 
a^islgnment of number f»ndly to problem structure, 

Th-ire were ten different random orders of the 34 problems to prevent order biases in solving 
the problems and to ensure that each structure had an equally likely opportunity to be 
attempted. 

I^;sic'b of the 3(> different problem sets (10 orders x 3 number seta) were presented In booklets, 
with oue s^robieut at the top of an otherwise blank page. 

/Vorfrftire. Subjects were tested In the elaasroom during a 40 minute session. They were 
Instructed lo dd as many ptobiems as ptisslble and to show the relevant work. This Included 
.thowing work for only part of a problem If that was all they could do, or Ulipplng a problegi that 
they could not do. 

fVefiminarv Analyaii. Subjects were grouped by textbook level and the problems were scored 
as attempted, skipped or not attempted, with the latter categorisation applying for all problems 
following the last problem with written work. Attempted problems were scored as correct, 
partially correct or Incorrect. Correct problems had completely eorreet answer*, or a complete 
sequence of mathematical expressions that may have Included a mathematical error. Partially 
correct problems had at least one correct expression along a poeslbly correct solution path. 
Partial credit was not assigned to lodtvlduai numben not supported by evidence of a 
mathematical ^xpression. In all other eases a problem was scored as Incorrect. 

Because subjects dipnoi necessarily attempt the same problems, th« saalv^is of variance was 
performed on proportion scores eonshitlaf of ;!;he number of correct answers over the' number of 
attempts. Thus, for eaeh text level ther« waa a set of 34 proportion scores, one for each problem 
In the design. These scores were irmsformed according to the following formula: arcsin (sqrt(x)). 
The transformed scores were submitted to a two-wiSy, three x three analysis of variance of 
problem structure by operator set. 
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In tlif follcmlnt (i<iksf«tlon wt t\ni, d«acrlh« generftl perforinaoee iiatlatkft tirroaa alt problflttut 
by text level, hicludlnft the number of proMim attempted &nd ibe prohftbllHy of success Rlvew »ri 
attempt Then, in the five following ftubiectlona we tre»t ewh Rrftde separately and rotnlder the 
alfnlflcaiic^ of structure, rtperat^ir net and structure x operator «et effectu. In ftetieral, the 
strueture.effeet waa aiwaya si^tiiftcaat with the effects of operaicir set and the inieracttun varyiuft 
l>y text level. 

0'«neraf performame etalielira. The averace number of problems attempted p«r child and 
the prohabtlhy of success ftiveo an attempt ehftoced across text levels. Third ^tna^'n and fourth 
traders attempted about the same number of problems (13.33 and 13.CHI respectively) but fourth 
(radem showed a bifther probability of sueeesa (.08 and .20 respectively). ^Ifth i^raders attempted 
problems each with a .40 probability of success clven uo attempt Sixth graders and seventh 
trailers performed similarly, having att«ropted an averace of 2Lt and 21.2 probleim each with a 
7« and .73 probability of sueeess respectively. This similarity In performance persists in the 
more detailed analysis presented below. 

Third trade te.ti Uvti pufafmamt. The Sijcnmary proportion scores of the 12 third traders 
are presented in Table 3. The scores^ presented In each vh are collapsed aetms the several 
members of the eQulvalenee class in that eeli. Table 2 ma^ be -cofisuiud for the number of 
problemn In each ceil. The scores presented ais row and eoiumi^ totals are derived from the total 
number of successes over the total number of atttmpts lo, thai sectton. 

The Individual proportion scotes for eaett probtem were transfortned and subnitted to an 
analysis of variance. The effect of atrueiure waa atftnirteaiit, f (2, 26) •« p < M. The 
effect of operator set was not si(nlfleaiit» ^(2, 2fi) <« 1.3S» but the tnurmeitoa between atmeture 
and operator set was siftnlfleaat at (his t«itt level, P{4, 2S) 4.73« p < .01. 

Fourth trade text Uvei perfornmntt. Tlie aammaiy proportion scores of the 2S fourth 
graders are presented In Table 4. As previously dtacHbed, the Indfvldutt proportioa s<for«s were 
transformed and submitted to m afittysli of vdrUwee. The effect of atruetare waa slgnineoat, f 
(2. 26) 4.0, p < .026. Thu effceb of operator was oot alftolflcaat* Fi2t 26) .01, but the 
interaction between structure and operator «et wts aKniffeant. F(4, p) ^ B,i2, p < .01. 

Thus, aithoiich fourth graders performed somewhat better than the third tr«deni overall, 
their performance patterns are similar, with both ahowlnf ft slfnlftcaht effect of structure and a 
significant Interaction between operator set and structure* with no main effect of operator., » 

Fifth §Tadt teit Uvel perfcrmonet. The siymnaxy pro^rtlon scores for the 27 fifth graders 
are presented In Table h. The proportion scores for each problem were transformed and 
submitted to an analysis i>f variance. Is this text level both main effeeu and the Interaetton were 
significant, f (2, 25) «- 4.06, p < .025 {fot structure), F(2, 2S) 4.07, p < .028 (operator set)" 
and F(4, 26) 3.00, p < .026 (structure x operator set). This pat em of performance is unique 
to this text level. 

Sixth padt ttxt Uvti ptrformariec, The summary proportion scores of the 10 sbcth graders 
are presented In Table 0. Aa above, the proportion scores for each problem were trmnsformed and 
submitted to an analysis of variance. Only tbe effect of structure Is slgnlHeant. F(2, 26) «• 4.30. 
p < .026 and ^(2. 26) <-*> 1.7 (operator set). F(4 , 36) 1.71 (structure x operator set). 

Seventh grade text tevtf ptrfortMnee. The summary proportion scores of the 7 seventh 
graden are presented In Table 7. The analysis of variance of the transformed problem scores 
indicates a pattern of performance Identical to that found at the sbtth grade jevel; only the effect 
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of nirutuin \$ »\^nit\t%nK, F{2, 2&) 7.B4. p < M and F(2.^h) 1.80 (operator set) &ad F(i. 
25) 2.02 (strut tufc x' operator set). 

Summary and additional performanee feaiatet tommon lo n/i taxi Uvd«. Thym. is aii text 
leveh there wm ft siKnirte.%ut mftla effect of probleiu structure In text levels six aud seyen thh 
wiji th« oaty s\gn\fl€%ni effen. {q text levels three ajid four then alfyo » stgoificdnt 
lotertMitlOD In lev«l rive there wan &lv> l>oth » fti^oirieunt mteractiorj mti » tu&io cffeei for 
operator set 

My exumlnicii; Tables 4 - 7 It appears that the fn»lii effect of structure Is due ivaotaite 
of the bierarchkftt problems. Not showi^ In the tables, hut appareot ta the > , are 
differetices Iq sueeess probftblitttes between the two differeot mlxtu opttnu:,. t. .rchie^). It 
4ppfjir3 tlifit «Mjc eell of purely additive pfobleros (cell l.a-the rMltlve shau-ed-pan problems) 55 
eof)<«l9teQt|y harder than ooe cell of purely multipllfattve problems (cell 3.1-*the muitlplleacive 
htet trcbkal probletiuK It also appears that the source of the loteraetk}& effects is lue at least \n 
part to the advaQt^ce that ratio problems (ceil 3»3) have \n compar^n to the other problerns 
wii^ ft »bared'part structure. 

In "this cxperltnesjt; we fie^Tjmvjstrated the pjsyctiotoftlcsl validity of th€ sirvictor&l aaalyab for 
two-step i&ord probUim. That for all grade levelt probleai ^Htruclu/e^^^he overaii patterm of 
r<^i&tton.'j between the <i?^a&title3 la the prtjblem~hais an effecl on probt^rs solvlog stieeei&So Of 
cQurie, ^bese results not tuttkitm tot elarlfylti« the ro/e of pmtihm structure lo the probl^in 
soiviog proceM. However, there to good reaaoo to believe that the problem structure effect bm 
somethiBft to do with Isnowledfe. Aeeordioe to oyr preliroina^ %n*\ynl'» of te«(tbook problems, 
the easier hIerarehteaJ structures are In fact praotteed fflore thao th« b&rd«r stirticturfs, except for 
the ratio structures, which aiso ytctd hlgli SQccesi rates, lo addlitoa. th^ edJ of mixed operator 
bterarcbles consbts of two different hterarehles; the more practiced bterarehy yields creater 
problem soiviog success. Should this effect be efttlrely dye to praetlee. It b still esieDttal'that a 
theory of problem solviog in this domalh aecoyots for dltferenees in problem soIvIbc success on 
problems that differ in the sequence. In which the steps are executed; this ts, on close tospeetton, 
one way of describing the difference between problecm derived from different stn^etures. 

Further analysis of the exlattng data ma^ clarify the rote of problem stt^cture In problem 
solving. Each individual structure might thought of as a schema. Is whteta the types of 
quantities Involved and the loeal relations betv ^eo them nre represented with the additional 
information about the way in which the five auaottties ajre amsged; aeeordhig to the three 
pf^iblitUejr^Uluminated by our structural asa^ts. * This scheiiia mlgiit be thought to guide 
operator selection In the manner of proeedur«l attachment (Bobrow Wtnograd. 1077). further, 
particular problems within a structure biay he thouftbt to yield differential success depending 
upon the association between the schema and the required operator. Such ao explanation would 
be supported by patterns of performance within indtvidt^al subjects such that correct responses 
are clustered within«*rather than spread between^'Struetures. 

We are intrigued by the changes In performance across grade leveb> Of course, since we 
cannot explain the general effect, our poel hot speeuiattoos about grtde changes are even tporc 
tentative than usual. Nevertheless, we do wish to point out that performance at the two highest 
text levels is quite different than perfomsdace at other levels since they are both more succ^fui 
sod show only a main effect of structure with no inura^tlou. The schemaa that operate here may 
not represent individual structure-loeal relation combinations but rather patterns that are 



iot1«pe»dent of loeni rtlattoas. Sliou?d tbis specui&ttos prove correct, m euipijasli^ the fac^ tbat 
the ttubjeets tii tiiese croups tre boi true sUtb at£4 seveotb i^iuieni. but ratber sdvanced fourth 
tiii»J ilfth era<i«r» citasifled by i€xtbo<5k level, Dlffej^ecees lo per fortnafice may therefore be due to 
either eeQcrni increases In expentst or the spetl&l ttjfQts of these subjlseis, 

W« bav« described our of pr<»bteiB structure bik<^4 ou the pci^sSble t<^e%} 

combinations of one-step worri probfems to (enemie two-step word probleyra. We provided 
evidence tb&t the different probleot structures define equiviience etsAsea of probtents and effect 
problem soivine difficulty. The oMin i^^ibte efferis (opimior set «nd structure 'a operator set) 
w<fre differenti&tty sl^atfleani across trade levels. We irufitested that further anftiysl's may 
fuppf)ri the Idea that each problem structure eonsitules an Individual sckiem^ that &jldes 
» operat<»r aeiectSon and hence problem Aotviog success. 
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Table I 

Word Pmblems Us«d the Sindy 



A a«f^b<3rtiotKi U pl&ofilQS Its ftsau^ ci4 show Tbt re are 22 sl(UD$se. Aocr^ &fid rtis^ ciits 
sjtof 9ttier. cad S ot ihese tie peniii^ e«ts. If 9 of ibc tdts iff »9(or% efti'i. Qow msAy a!«me»« 

J«nsy is buyisg c&sdte!! to flli her ciuadiy Jir. She bui^n 24 lime c^sdfes «ad 35 cherry euidlet. if 
ieiUjy buiys 32 &f«pe e&&dle3> h&w mi&y Ume. eberry siid ^ripe cftTi^ies will &£ie ii»ve ii.it^e&&erf 

A Sporting to<^' ii}6pEe«p«r b ebesfkloc her Invenvsr^ Sht bia U4 ai^cer iks^d ifb&b b&lb 
ftiiocetbtr, »ad 63 totf bftils, U7 of ibt bsils m soet^? «fid s^^if bftUs, hot* mAsy u&ois btils 
d()«s abe bftvef 

Jim U prepftHflie br««^f«&i orders for bit dlAcr euawmers. He b«s ordfi^ for 18 $cnu»bif4 «Ad 
mtd ftJeoceiber. k&d for S boiled f££iv If It of ib« orders &r« for fried ecC3. How numy 
orders w« tbere for »:rftmbkdl &q4 b@Hed e«£S tlU»£€tber? 

Sus&s Is e«UBi!Q€ t&e sUe ken fi2 b«r ntilf eitofi Sbf b«i 305 ssfffy^ puffy ksd ftttiy ^ittckf fs 
&lbofetber, tfid 122 of ibese art sulfl^ tad piiftr s(tcke». If 182 of ibe sitekers ftr« ftt2i$r aad 
sQiffy stielEers. bow mm&y laiff^ stickerf io& abe b&ve? 

Robert Is flxlut 9Di«k3 for bis meo's el|i|b ouftlai. He his 200 onloq asd ry« er»ekei9 ftitoictber, 
ftad ttft of tbeso arc rye cracker*. If/ Robert bas 324 <m»B. rjt a&d wbm mekfs« altoseib«^r. 
bow nwoy rye a&d wbemt eraekers are tberef 

Matt^e picked up ber fainily's ekitbiiis tnm tbe etearri^fv. Sbe brtd^ebt borne I ft wbtie a&d blue 
sbSru aitogetber* and 9 of (b«^ are wblie sblrts. at ibe ablrts are wblte and pSak sbirts. 
bow maoy wbUe, blue and pink sliim did sbe tiling bc<at aitofetber? 

Greft b eouQilsg tbe records b bis eoUeciloo. Me bas 72 couotiTc roek, aad »e»al records 
aiu?$etber, a&d 4ft of tbese are mtry a&d rock reeordb, tf 2d of tb« re<»rds are couatfy records, 
bow mas^^ -'^oory aad soul records does be bftvt altocetber? 

Mr. Brown is planitos frsii trees In hks orcbardft. He piaata 39 rows of p«a«b tre^ aad 2S rows of 
apple tre«s, tf ibere are l^ft trees ta eacb row of ic^cs^ bow maay pemeb aad apple trees does Mr, 
Brown plant? 

Tom Is festoeklDC tbe sbetves la bis grocery store. He bas ft40 diet aad regala? cok^ aitogetber. 
&ad ibere are 9 cokes in eaeb cftr|)o of cokes. If tbb makes ft& cartoas of regtiiiar coke, bow isaay 
caurtoas of diet' coke does Tom bavef 

Tbe Ace Building Compaay Is drawiag piaas to buUd a sports Held. Tbey plan to iost^ 82 r<j>ws 



mti m am aod i« rows wJife !ji«c 5ea«. !f thtre art <0Q red *!3d blue seats yi&jie«h*r. how 
maoy it3Jt& will 5.&ef « be ia eaeb row of ^^tsf 

tow many @e(ds are is escb pM^iuif ? 

Tlie H«8^lo$ R«Ums4 ComfSaof Is «f^SiJ6 K» d«etde 1% it ^as eaoafth stat« oo It? irsias Th«?r« »f< 
4 of ftm c!a&s scats cta lia w-iins, H seats m cir of seats, tf ihet^ &r« lea ftnt aa4 
sec^ati :l«ss s«»ts &iu«««ibtf. bow maay a«c60(4 cJaaa s€Ha we Ui«re? 

anmaoi* ClaftS«o is m^kxng pmin ibis «pfl8t> llt«f« lOO plekl^i ?c eacli iJairei of plcfcles 
tMii 3 bafff 1$ of dSU plckks. If tbere ar« £dO imnn pjcfcJfs. how mi^ay <Ufi ifid sw^et ptciles Is she 
83«bki&| «iioi^eiber? 

T^e took for Ctap Pocobo is putitat w«tber * frsiH a»l»4 ostaft eaoaed JTySi fie men 240 
purple and yeUow plums litosttber, lAd 18?; af tbtjc trt yellow plum If the m^pl^ pisim eamc 
frcm i cans, bow maay ptums tif la ei«b cta of p^uccAf 

4ua« deljvcj'j laorajBt sad trvealflft atwspapf TlJtre. art 140 aiaraUsft lAd €««ttifig Be«^psp«rs 
sji©g«tber Md 60 of tb«« are «v<Bias B€W5ptp«r5: If tb«f« m 30 a€w«pjip««i in tatfb buadl« of 
acwspapeiis. bow miiay buadlisi vsf meraias aewspmpera docs sbt d«ll*ef ? 

Mr Caadyraas iis (rouplas bis jell/ b«aaa la iars He hns 340 miai J«ilr betas «&d om spice ieltjr 
Usaa. (f ihtte art flO Jelly feta&a Us tseb Jir of Jelly l^a&s, bow misy jan of spSce aack mlai jelly 
b€«&a do«iS be bftve titoftet^erf . ' 

Tbe Oifi Seouu are »ellie« cookict for tbtCr aaauaJ food rtts«r> Tbere are 24 cookies la taeb bos 
6f cookies iiad 34 \mm of eboeolate aad vaaiUik e&;ikl». tf iber« ate 366 vmiMa eookics la tbese 
boxes, bow snaa^r eboco}at« cookies are tberef 

A fma market owaer stores bis grapePftiite la bias= He b&.ii t2S plafe gripefrtilts aad 17S wblW 
gr^petmiv*. It be baa S bias of piak\iad'iibiu smpefrait.^ bow rnaay ^B£»ellralis are la eaj^b bia 
of ftr»j}«ffnlt5? 

Shiartd'part pr^sUms 

p9Uy ^ piaa.'!Q£ flower seeds in ber tardea. Sbe bas 17 p'aek&«es of petaaia aad maritold seeds 
aitoeether> ai)d 8 ^f tbese paekscea are peiujaia seeds. If tbere afe 990 nuurlcold seeds aitofetber, 
bow maay seeds un ta ea£b parka^e? 

Paul works la s& imttt sbop. He osade 72 g^-m^ doauts aad put 12 doaaia la eaeb ho% of f^aata 
If be made i4 boxet of elated aad powdlred doaats altoffiber. bow oumy box^ of powdered 
(toauis did .^e mikkef 

Mn' Bell baked bomeim^e baas for a family caibeHa«o She baked 4S sesame buas aad put d 
buas ia eaeb paeksfes of buaa: If Mrs. Bell made 4 packaces of plaia bap^. bow maay paekaces 
of sesme &ad plaia buaa are tbere aitosetberf ^ 

Sally Is wr&ppia& dishes la paper towels. Sbe bas 9 r^ils of yellow aad gettn paper towels 
mcgiihtt, md a of tbese are roils of creea paper uswels. If it&ere ttre IBO paper ioweb ta eaeb 



11 



fou. m&8T yen»4 p»5«f SsUly tiskve? 

jacklf U toolUoi 41 lije pfs-eitoe {.ti b«r pfeoto ftibuflr^i Shis 3^ jilifsUjs »Jt-«i$eil#r tad 4 plsoiss 
CA3 b« fU ca each face of pJiotos If IS pif ei is »?t)nm of f^feoKxs, lio-w rnwj^ i^bums 

chlidrea aUotetijer. »ad 9 cWldrtii eMtt t*am; If tt^ert we 2 !t^s«aiss. bow maay i«Affis »f« 

A w<^«fa elab is playaofag to cross tSie Uaiicd Stilts la €*5v«f«4 w*60iis. There wc ? w»sobs is 
f a«ti ir&m. &aci 3 inODa, Jf are 4 hor«« for ew^ w«&so« Itow osw wlU i^erc b*l 

A fnilt dcakf Is pi«k»^ot IwAes for siiie. Ttiert w« 3 cases of i«rrle« nad S.^amas of tj«rri«3 
ip If ibere w't -ISO benia, tow icAoy Nrti«3 are tfeere la ft&cii a^«b? 

Th^ mtmttn of tbe mswicl ifilfi clttli made Uq^ms o\<: of popakle siScks fcr tbcir oe^i dlspfijp. 
Tt»«y m*?Je 35 houses, tt£ii&€ 8 poptleit stkka for e«^fe bsiis*. If tli«fe wef« 7 in«ffib«fs iJtotctIi«r, 
how tmi^ popiUlt silcfes dm tielt member is tb« b^^&alAC? 

Dr wtsafd bis dte«ov«ffil « wtat^p tf iisni«t«is Urfas Ui « dark <rft¥« Ib Soaib Ajsaerlet^ He bts 
comauil 7 u»)&si^t« tfid Ibere i^re 8 fUtfeis cm e&eb a^^&s£«fo II ^ bis cmau^ 14 msmutr ttm^, 
bow Gi&fli:? flfise» iff (bere on eteb mofisttr bt&d? 

Tb« PHuibargb rtefjpittea J«|>aHmeai ttids^^f^ to fi« poodsi c^ery yttf. Tbew •« 3 paris 
ftltoietber, s«d 200 fisb la eiub pixk. If tbert tre 109 fiftb is eteh poad, bow micy p&ndfl trt 
tb«r<? 

Sam b mnkmt me»i »£tdwlebea for «bildrfti fOlst os » s?bool piciil« He Ui m&igint 60 
sa&dwiebea i&9iQ« 3 s!(ees of me&i on escb siadnieb. If'be pi&aaed oq miniL 4 slices laf mm for 
e;i£b cblld, bow miiiy cbU£ir«a Is bt e3i|>tetUis? 

Oiaoy is setUae bnaeb^ of nases for ber cafdta eltib. Sbe bis 18 buacbei of r«d rose;} m4 9 
biiaebes of «bUe mats. If tbtrt i4r« 73 red ros«s« bow m&xis^ wbite ro5<s dtm GUwy b»v«f « 

Aa eftt fMtn Is sellio* browe &ad wbiU est? by thw cartoa. Tbey hmve OS wbit« efi£S ^d 4« 
bmwa ems. It tb«r« are 4 cmvoss of brovia efici^ bow miiay ourtoos wbjf« e^gs v« tbcref 

Aady Is mixias paaeb for party. He mlxfii ft emis of onmie lake and S ims of piaetppie joke. 
Aady 8 eaas o^ pific^pte juiee for & bUsftf r b&£«b« bow oiAay e&bs of ora.^€ iutct wilt be 

use? 

Debonib feeds tae birds la » pel s2pp. Sbe maliefi spetltA blr4 seeit wiib 10 bags of tttmflower 
iieeds and 2 bscn of Hax seeds. If Debonb maires tbe speef&t bird 3«e4 lisloc 40 ba^s of ^i«ml1o«rer 
itt4s. ho^ mftay of flMC seeds will sbe use? 
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Opentor Set 



Column Total 



^ T2Urd Grs4e f tixt Uv4 
StneiUTt Tsvt 

HIcmcby Sbartd*whote SttredTpart 



.44 

.03 
.23 

.15 



0 
0 



.OS 
.10 

.OS 



Row Total 

I 

.11 
.03 
.10 



Tftbte4 

Fourth Gntf e T^xt LieTei 
Structsre 'tjpt 



4 



Hlenrdiy Stoed-wliole SlliBrcd*pftrt 



Operator S«( 



.75 
.21 
.17, 



.12 
.23 
.14 



.05 
.19 
.13 



Row Total 

.20 V 

.19 

.15 



Columa Total 



.30 



.15 



.20 



.20 



TabltS 



Op«ntor Stt 
C Jhimn Toul 



PUtb Grsde Text Level 
S(nieturtl^e 

Hlcrtrehy Shared-wliole Shmred-part 



.70 
.44 
.43 



.S6 
.45 
.14 

.34 



^2 

- 4 

.45 
.35 

.37 



Row Total 
.4Q 

.44 



.28 



.40 



Table 6 



Operator Set 
+^ . 



Sixth Grade Text Lerel 
Streeturt TJrpe 

Hierareby Sliartd-wh^e Shared-part 



.92 



.83 



J8 



ri 



.60 



.40 



.73 



.78 



Row Total 



.70 



;82 



.74 



Column Total 



.87 



.72 



.90 



.78 
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Smnth Gnde Text Level 



Stnietarel^ |; 
Hiertfcby Shared-whole Shsred-part 



Operator Set 
Coltmm Total 



.89 
.82 

i.oo 



.67 
.86 
.69 

.70 



.44 
.47 
.82 

.58 



Row Total 
.62 
.76 
JO 

.73 
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lanaj f» bnartag .ci&dy. Tbcre tre 8 lime <»adles 
i&d 4 grape candles. How many Ume and gxw 
' eandlea are there altogether? 



0 




Jeiur la boring candy. There are 12 lime and grape 
c? lea altogether, and 4 of these are grape candies. 
How many Ume candles are theref 



Figure 1. A network notmtlon for two different additive combination problems. 

• • 17 ■ . ^ 




A wesurfi club Is plumlnc » trip In eovered ivtgou. 
Then ftr« 7 wagons In eaeb tnla aii<l 3 tnlos. Horn 
maajr ivagoBs irSotheref 




A wtsten etab Is ptaBftlac » tflp la corered wtioiis. 
Thtrt »rt 21 wasooa t&d 3 tniss. How mm 
wafoos we then lA nclittAlnf , . . f 





A western elnb b pUottlag t trip covered wafons. 
There are 21 wagons and 7 ivagons In each train. 
K0W many trains are there? 



Flfure 2. Networle notation for three different simple muitipUeation problems. 
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:A w«iteni etub ts planalnc ft trip Itt coTtred 
There ire 7 wtcons In <mIi trtln t&d 4 borses for 
each wagon* How many hones tfe there' In eaeh 
ttatof - t 



A western etnb Is planning a trip In eoiTered wafons. 
There are 38 horses In eaeh train and 7 wagoas In 
"each train. How many hoises are there for ea c^ 




A western elti^ Is planning a trip In covered wsgoos. 
There are 28 horses In eaeh train and 4 horses for 
each wagon. How many wagons are there In eaeh 
f . train? 

Figure 3. Network notation for three different multlplleatlon problems with three 
Intenstre Qoantlties. 
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M^Piw ▼f^^^w ^njw* 



An Itt ftttB Us sellltts browa eifs uid whltt tgis. U. 
has 4» brown ecp tnd 3 times more wbiu «tt» tbtn 
brown ecss. How muy wblte eics does it bave? 




An ett J^Kft to leUtoi brown egd snd wblU egis. It 
Has Od wbiu ecii and 9 ttaies more wblte $m tbtt 
brown eggs. How mmy brown egp does M bwit 




An eti farm Is.ielllac browa cfgs and white elgs. It 
has 06 wblte egp and 48 brown eggs* How maay 
times more wblte eggs t|^t brown eggs does It havef 



Figure 4. Network notation for three mnltlpllcathre comparison problems. 



A tttlgMMrbood ti pitaalat Mmotl cit Thwi m 78 slanust, 
taiotft tsd #<nlfttt ms titof ethtr. ia4 26 <)f^iiMst m ptntaa csis. If 84 
of tht etta trt jMiioft tiow mttty ilamfsi e»u ara tharaf 
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rifvve 5. An addltlva hlermrdiy formad by ataekl&s two ad<Uttv« (rlada. 



BkSr COPY AVAILABLE 



A •poftiaf iD04i slu^pkMpfr Is «!i«€kiag Iter lav«atofy itot Sli« fast n 
mc^f isd ttiids bilif tUtegitbif; « self feftUii: ff 14 of ttte tells are 
soccer ttt4 toif "bftUit Iiow mtay tenals balls do«i s)ke tiavef 
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Flfiore ft. An tdditlre sliire<t*w|iot« struetort formtd by two additive trltds tli»t sbmre 
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flebf n Ik Ittdig fttaekt (tor hit om*s dob mtttiog; Ht has .904 onlo&. uid 
nre enekeis titofttlier, tsd 116 of Ibesc ue irye eracken. If Robtrt bas 
3S4 oaloo« i^f mi f bMt encken ti^fieftber, bow nuisj^ lye a&d wbtat 
en«ken ve tbert? 
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Flcort 7. An MtdUivc sbtred-part strueture formed by two additive triads tb«t sbart 
tb« sasM 9ax^ 
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BEST COFY AVAiLABLl 




rfttil worki In t doiitt( tllop^ ll« mtde H Im»cc« of 
CItMcii »ad t)ow<ter«<l donult Mil S of Utese Iwxci 
were powdeNd doattlc. if ti« pal 19 do&ttte Hi eajelt 
tm, bow nitay fti«ted doniiu did he mikef 




l*»ut wofki Id ft doaut shop^. He ij^wte 14 boxei of 
clued Mtd powdered do&ttls and '8 of thete boies 
were powdered doatito. if he made 7S glued 
donutfl. bow manjr doauls are tbere is eseb box^ 




Paul works Is a donui tbop. He made 79 gltted 
do&ttls and pul IS doiiuts In e aeb box of donuls If 
be lisade 8 boxes of powdered doiiQls». bow many 
boxes of powdered and tlased doauts did- be mabt 
allofelbetf 




Paol worin l>i a doaul ebop. He msde 7a t^U€4 
dt^!i«ls and pv 4 It dooiite In «acb box of dooala. if 
be ma«Sc^«e boxes of ftlatcd and powdered dooiits 
aSlofelber. bow boxes of powdered donats did 
be makef 



r^tfiore 8. Tbe equtvaleaee cbtfs of iiibted relalloa ^ared*parl problems. 
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V 



Jacldt ii iMktm at Hkt pUo^tm In li«f pboto tl^ttm Sti« has 300 piKotos 
^toftfihfr a&d 4 photm caa fli on pm of ptiotot. tf site has IS 
PHca Ui €«eh itbom of photos^ ham jmny ^biim of photos does she have? 
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Fi«aif« CoaverUfis % mutUplle«Uif« hiemt^iesl problem. 
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